The two dimensional quantum dipole springs in background uniform electric and magnetic fields are first studied in the conventional commutative coordinate space, leading to rigorous results. Then, the model is studied in the framework of the noncommutative (NC) phase space. The NC Hamiltonian and angular momentum do not commute any more in this space. By the means of the   1,1 su symmetry and the similarity transformation, exact solutions are obtained for both the NC angular momentum and the NC Hamiltonian.
Introduction
The discovery of new fundamental interactions and the development of quantum field theory have opened the way to many research works. Then the Standard Model has become the best theory that fits our actual understanding of particle physics. However, many reasons bring us to think that it is not the end of the story. Moreover, these last decades have given birth to some new theories addressing some of the still unresolved enigmas of the nature. One of them is the hypothesis that fundamental structure of spacetime should be entirely revised, considering for instances that it is based on a NC geometry.
In recent years, there have been increasing interests in studying physical aspects of quantum theory on NC space-time, NC space as well as on NC phase space. NC physical effects have thus aroused great interest and related theories have been studied extensively (see for example [1] [2] [3] [4] [5] [6] [7] ). The motivation for this kind of theory is that in the low energy effective theory of D-brane with a background magnetic field and an extreme situation such as in the string scale or at very high energy levels, not only the space noncommutativity may appear, but also the effects of momentum noncommutativity can be significant, which is called NC phase space. Hence, a lot of specific problems have been investigated on the theory of NC spaces such as the quantum Hall effects [8, 9] , the harmonic oscillator [10] [11] [12] , the Fock-Darwin system [13] , the coherent states [14] , the classical-quantum relation-ship [15] , the motion of the spin-1/2 particle under a uniform magnetic field [16] , the Dirac equation with a magnetic field in D [17] and with the time-dependent linear potential [18] , etc. The main approach is based on the Weyl-Moyal correspondence which amounts to replacing the usual product by a star product in NC space [19] . Each of these NC theories is defined by a NC algebra where the spectrum of the NC quantum Hamiltonian is worked out. In reference [7] , the analog of the Landau problem applied to dipoles in NC spaces is studied. In their paper, the authors studied the analog of Landau quantization, for a neutral polarized particle in the presence of homogeneous electric and magnetic external fields in the context of the NC quantum mechanics, where the Landau energy spectrum and the eigenfunctions of the NC space and NC phase space coordinates have been obtained. In reference [20] which is an extension of the model developed in [21] , a supersymmetric description of an analog of our model without the electric field is provided in the commuting cordinates space and the energy spectrum, as well as the spectrum of the angular momentum and the supercharge are determined. Furthermore, to the best of our knowledge, the explicit expressions of spectra for both the quantum Hamiltonian and the angular momentum in NC phase space have not been reported in the literature so far.
In this paper, we extend and study in the NC phase space with an uniform background magnetic field, the model describing a system of two nonrelativistic charged particles of identical mass, of opposite charges and linked by a spring through an harmonic potential 1 . This extension constists of considering an electric field in addition to the magnetic field and a confining potential. The considered model may be viewed as a dipole observed from a network of charged particles. Through the developments given hereafter, we note that the Hamiltonian and the angular momentum do not commute in NC phase space. Our approach which combines algebraic and analytical technics, using group theory tools, allows to diagonalyze these observables.
The outline of the paper is as follows. In Section 2, we solve the two dimensional quantum dipole coupled to external background electric and magnetic fields in the ordinary commuting coordinates space. This lights the way for us in Section 3, where we deal with the study of the system in NC phase space. In Section 4, we present an algebraic framework to show that the corresponding NC quantum Hamiltonian and NC angular momentum possesse a hidden algebraic structure and we obtain the exact eigenvalues and eigenfunctions of these operators by means of the similarity transformation. Section 5 is devoted to the conclusion. 
 
In order to keep the rotational covariance of the system explicit, the circular gauge will be used for the vector potential
while, the scalar potential is
Let's introduce now the following change of variables,
where i x thus being the position vector of the centerof-mass of this two-body problem, while represents the relative position of the particles.
. The reason for this is the following: In the presence of a magnetic and an electric field with no other confining force, the magnetic center moves at a constant velocity, and one needs to apply a Galilei boost; quantum states are no longer all normalisable. In order to avoid that singularity, when wanting to remove the harmonic confining potential, first one needs to turn off the electric field lying in the plane, and only then set i E 0   [22] .
From the physics point of view, clearly the system is invariant under constant translations in time, and constant rotations in space. Consequently, there must exist conserved quantities generating the corresponding infinitesimal transformations, to which specific quantum operators also correspond which then generate these transformations for quantum states and operators. It may be shown that the generator for time translations is the quantum Hamiltonian, equation (15), while the generator for the rotations in the plane is given by,
From here on, the solution of the quantum Hamiltonian (15) follows a standard path. Let us introduce the following quantities [20] :
Consequently, the quantum Hamiltonian and the angular momentum may be expressed as follows
We have constructed convenient creation and annihilation operators which span bosonic Fock algebras, and diagonalize the main observables of the system, namely the Hamiltonian and the angular momentum. To complete the description of the quantum system, we now have to find a representation of these operators. We therefore have to construct the Hilbert space of the physical states, and associate to each operator a linear transformation on that space, such that the commutation relations hold. We will then be able to determine the energy spectrum of quantum Hamiltonian 0 H , as well as the spectrum of the angular momentum . L Indeed, the orthonormalised chiral Fock states basis with as normalised Fock vacuum a state
is constructed by
, , 
with the property: , , ,
, , , .
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If we remove the harmonic well-which boils down to set and next 0
Note that in setting
which is a condition that relates the harmonic potentials frequencies, we get the following spectrum,
where 2 2 0 8 .
Quantum Dipole in NC Phase Space
The physics of two nonrelativistic charged particles of identical mass , of opposite electric charges and and respective positions and m q   q ˆi rˆi s , in crossed, background electric and magnetic fields coupled with a confining harmonic potential and connecting by a spring, is described by the following quantum Hamiltonian 
where 
ˆˆˆ,  being an anti-symmetric matrix. Furthermore, the two particles have opposite charges, and each of them is supposed to have the same noncommutativity but with opposite sign
Consequently, the relative coordinate operators , the center of mass coordinate operators 
while all other commutators vanish. According to this recipe, the above quantum Hamiltonian and the angular momentum act on an arbitrary function  as follows
where the star product is the Moyal-Weyl product defined in [24, 25] . 
where  is a scaling constant related to the noncommutativity of phase space:
when 0   , we obtain 1   , where the space-space is noncommuting [24] , while momentum-momentum is commuting [29, 30] . The constant uniform NC electric and magnetic fields E i and F ij are given by
The quantum Hamiltonian written in equation (58) 
while the quantum angular momentum Equation (52) is given by  ˆˆˆˆ.
For convenience, in a NC phase space, we define the annihilation and creation operators as † 
Therefore, the quantum Hamiltonian and the angular momentum may be written as follows,
Let us now apply a second change of variables to remove the remaining non-diagonal terms in the Hamilnian. It is straightforward to check that the previous comtation relations do not change under the following change of variables:
Therefore, the quantum Hamiltonian takes the following form
while, the quantum angular momentum is issued by
where 2 2 4 1 ,
We note that, in commutating space, the quantum Hamiltonian 0 H and the quantum angular momentum are commuting. But in NC phase space, they do not commute any more. The commutator of the LĤ  and L  is written as follows
The next section is devoted to the determination of the spectrum of these main observables.
Eigenvalues and Eigenstates
In this section, we construct the algebra and symmetry transformation that will help us to diagonalize skillfully the NC phase space Hamiltonian and the NC angular momentum of the model. Namely, the Fock basis which diagonalizes the Hamiltonian is introduced. Then, the   1,1 su algebra is used and by means of the similarity transformation, the spectrum of the NC angular momentum is determined.
Fock Space
The chiral Fock states basis is a natural choice in the way of the quantization for our model. This basis is spanned by the vectors 
, , , , , , . m n m n m n m n
These states diagonalise the NC quantum Hamiltonian Ĥ  , but not the NC angular momentum L  : 
(94) Additional considerations are thus necessary to solve the NC angular momentum.
4.2.

  su 1,1 Realizations
It is well known that if a system is characterized by boson operators, then the simplest way to find the corresponding symmetry algebra is to construct the boson realizations of this algebra. In this section we introduce some basic boson realizations of   1,1 su that we need to solve the quantum Hamiltonian (80) and the angular momentum (83).
The Lie algebra possesses interesting realizations of bosons and is more appropriate to solve numerous physical problems. Using the set of boson operators (77) and (78) we introduce the operators
satisfying the commutation relations 
So far the L  -spectrum remains to be determined. The next section aims at solving this question by means of a similarity transformation that gives rise to analytical results.
Similarity Transformation
To get the analytical solution from the present problem, let us introduce the following similarity transformation [31] induced by the operators 1 commuting space. We have obtained explicitly the energy shift due to the description of the model in NC phase space. At the opposite, the NC phase space angular momentum doesn't have such a shift term. Our study shows that the alternative choice that constitutes the NC phase space is compatible with this model. Furthermore, we have shown that with a careful observation of the hidden symmetries, it is possible to diagonalize an observable, in this case the angular momentum. This shows, if necessary, the importance of the theory of groups. In prospect, we envisage to study the thermodynamic properties of this model.
